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• Recall the definition of Castro snmmwbility
and Abelsummwbility.co

.

⇐ in convergent ⇒ Centro snmmahle⇒ Abel summable

* *

Def ( (esoirosnmmabil.ly )

Let Écn be a series of complex numbers .

Let sn :=É.fr and gifts, -1 - . - th)

We say Éfn is Cesaire winnable to s it

on → SEE as N→ is

DeflAbetsnmmab.tt#
Let E-in he a series of complex numbers.

For any
☐Eval

,

set Acr) :=£Tcnr
"

.

We say £4 is Abel snmmahle to s if

(1) Acr) converges for any rt[o, 1) .

(e) Her ) → SEE us ✓→ 1-
.



• Convergence ⇒ Cesaire summabitity .

suppose EÉcn=s E1C and sn :=ÉG
Then so, → s as n→•

,

i.e.
.

✓ { so ,
-1 No C- srt.vn > No Isu - s / < E

Thus
,
low -

st-I-d-EI.sn/-sI--,-iiEYsn-ssIo--meq-Ef-vnE..,lsn-sI
=ÉÉiIsn - slt-v-E.ir#Isn-sl

( Take MEIN s.t .
< In .int {

N
, > No and

IT
,
< In = 22

,
t N>N

,No
.

I ¥1m- slam )
Therefore

,
we

have q→s as N→ -
.



• Cesaro snmmahitty ⇒ Abel summability .

Suppose a :=¥ÉÉsn→s us N→ -
.

We want show 4) Air) :=ÉcnV
"

converges , free, µ;h= I

14 AM →s as r→ 1-
.

Notice that 4=4--9

↳ = 52-51=(262-9) - 6,
= 2162- G)

.

When n > 3
,

Cn= Su - Su- I

= (non- In-116m, )
- ( In-116m, - (n-2)G-2)

= non - 21h-1) on-1 + In -21 On-2
.

Air) :=Écnr" = at-12162 - G) V2 -1 É[non-2in-11%-1-14-219.fr"
-

- Gr -124-ñr4£Inqr1zÉnqr"
"

+Énqr
""

h=I

=Énonr"- 2£,nar "" + II. now"
"

= Enamel - ✓try
9=1

=\ -n'Einar"

11ham) < MII - ri .Énr
"

fÉii=÷r )
= M " -rtÉ.

.

tree
, i)

I
= MV

.Énn=É



/ Air ) - S1E 1AW - sr / 1- / sr - s)

IAcri-srl-lu-ri-Inonrn-su-ri-E.hr" /
=/ It - riE?Kn- slur" /

Recall on → 5 as n → as
.

HE > °
,
I IV. C- IN s.t.tn > No

,
Ian - S / a {

.

So / ( tri ET4N -slnr" /=/a-

ri-z-%ca-ssnrnl-lu-ri-E.ifn-slnml.lu
- rPÉµKn -slur " / Ell- riÉµµkn -star "

< Ell - v5 -5hr
"

n=No-11

< Ell - riÉ
= Er - E

,

t ✓ C-[0
, 1)

.

7- M>° depending on No sit .

/ Einion - star" / < in .



7- SS0 s.tv red-8 , 1)

d- ✓Tofu and Isr-SKE .

Therefore ,

IAH-SFIAcri-srl-lsr-slslu-ri-%4a-smr.lt/u-riE?.ipn-ssnrY
+ Isr - s1

< In .M -1s -12

=3 E
,
t REG - S , 1)

.

Hence
,

Air)→s as ✓→ I
-

.



. Abel summat:/ity ¥ Cesaro snmmabitity
We know Aer) = 4-v12-Énar "

It on =/
°
.
n odd

1
, n even

,

then Air)=( I- ri 2nF
"

= V1 - r5Én44
"

=utriÉp
=ii¥;÷. → ÷ as r→i

But on does not converge .

Let 4--9=0

(2--262-9) = 2 (1-0)=2

When N73
,

Cn= non -21h -1)a- , 1- In - 1)An -2

=/
0 - Un- 1) to = -2in- 1)

,

n odd
,

n - O + In -21 = 21h - 1) ,
n even

.

You can check these G's give the % 's we want
.



• ceskrosummabil.ly ¥ Convergence

6N = ( sit . - - IS,v)

TA sh =/
°

.

n -dot

1
,
n even

,

then a ⇒ £ as → •

.

But sn does not converge .

To make su =/
°
,
n odd

1
,
n even

.

Let 4=0
When in > 2

(n = Sn - Sun = f- 1
,
n odd

1
, n even .

☐

^



Q : Under which condition does Abel Summability
imply convergence ?

( Tarkanian Theorem )

If ncn → 0 as n→•
,

then Abel summwbvlity
implies convergence .

Pf : Suppose AH:= Écnr" converges ,
tree

,
r)
,n=l

Air)→s as ✓→

then
→ 0 as n→•

.

Then I :Écn - s1
=/

'

É.cn - Aint -1 / Ain - s /
=/ Éa -E.fi/tIEcnrnI+lAin-sIn=NtI='EIinii-M/-IE*cnrY-IAcr)-sI
Elkanah / + In.É

.im#l-IAin-s-/h-lN:--ltrlEHnn--dEiHnr"

t / Air) - s )



Let r=i- I extol
And YE >0

7- N0C-1NS.t. = { ( 1- It -⇒ )V N> No

knIn< E <
{ ( 2 -1M)1AM - SKE


